Abstract. Let R be a commutative ring. A not necessarily commutative R-algebra A is called futile if it has only finitely many R-subalgebras. In this article we relate the notion of futility to familiar properties of rings and modules. We do this by first reducing to the case where A is commutative. Then we refine the description of commutative futile algebras from Dobbs, Picavet and Picavet-L'hermite.
Introduction
In the whole article, let R be a commutative ring. If R is a domain, we denote by Q(R) its quotient field. For an R-module M , where R is a domain, we denote M R-tor = {m ∈ M : ∃r ∈ R \ {0}, rm = 0}.
An R-algebra is by definition a not necessarily commutative ring A together with a ring homomorphism ϕ : R → A such that the image of ϕ is contained in the center Z(A) of A. By abuse of notation we will often write R instead of ϕ(R). For example A/R means A/ϕ(R). We will reserve the word ring for a commutative ring. Definition 1.1. An R-algebra A is called R-futile if it has only finitely many Rsubalgebras. We sometimes just say that A is futile if it is clear to which R we refer.
Given R, we want to describe the futile R-algebras in terms of familiar intrinsic properties of rings and modules. We first reduce to the case where our algebras are commutative. The proof of the following two theorems can be found in Section Date: January 9, 2014. I would like to thank Hendrik Lenstra for his help. i. all futile R-algebras are monogenic over R; ii. all commutative futile R-algebras are monogenic over R; iii. all futile R-algebras are commutative; iv. for all m ∈ Spec(R) the ring R/m is infinite.
The case where our R-algebra A is assumed to be commutative, has been studied intensively before by various authors and has resulted in [4] . In their work, one says that a commutative R-algebra A satisfies FIP if A is R-futile. In Section 3 we will discuss their work. In this theory, one reduces in some cases to the case where R is an infinite local artinian ring. The case that R is local artinian, was handled in [4] , but we provide a different treatment of this case. The following three theorems summarize our results. Proofs can be found in Section 4.
The first theorem discusses when an extension of fields is futile. The second theorem describes the futile R-algebras when R is an infinite field. For a commutative ring S we put √ 0 S for the set of nilpotent elements in S.
Theorem 1.5. Let R be an infinite field. Then the following properties are equivalent for an R-algebra A: i. A is a futile R-algebra; ii. A ∼ =R A ′ × i∈I A i where I is a finite size and the A i are finite primitive field extensions of R and A ′ is a commutative R-algebra which satisfies
where all the f i are monic, pairwise coprime, n i = 1 for all but possibly one i in which case deg(f i ) = 1 and n i ≤ 3.
The third theorem describes futile R-algebras where R is an infinite local artinian ring. It makes use of the previous theorem. An R-module M is called uniserial if the R-submodules of M are ordered linearly by inclusion. Theorem 1.6. Let (R, m) be a local artinian ring such that k = R/m is infinite and let A be an R-algebra. Put T = R + √ 0 A with maximal ideal n = √ 0 A and put r T = dim R/m ( 0 T /mT ). Then the following properties are equivalent.
i. A is a futile R-algebra;
ii. A is commutative, A/mA and T /mT are futile k-algebras, m(A/R) is a uniserial R-module and if r T = 2, then one has n 4 + n 2 m + m = mT in T .
Finally, we will prove a theorem which summarizes the results for R = Z (Theorem 5.5).
Theorem 1.7. A Z-algebra A is Z-futile if and only if one of the following holds:
• A is finite;
• A Z-tor is finite and A/A Z-tor ∼ = Z[1/n] ⊂ Q for some n ∈ Z \ {0}.
General statements
In this section we will prove certain statements which hold for any commutative ring R. Throughout this section, we let A be a not necessarily commutative Ralgebra with morphism ϕ : R → A.
Proof. The inverse is given by
. The rest is easy. The above theorem allows us to reduce to the case where R is a connected ring if R has finitely many idempotents. Lemma 2.2. Assume that the index (A : R) = #A/R is finite. Then A is a futile R-algebra.
Proof. Consider the injective map from the set of R-subalgebras of A to the power set of A/R given by B → Im(B → A/R).
We have the following easy observations.
Lemma 2.3. The following statements hold:
i. Assume that A is R-futile. Then one has:
common ideal of R and A. Then A is R-futile if and only if
A/I is R/I-futile. iii. Let S be any multiplicative subset of R and let ϕ :
Proof. i. Statement a is obvious. For statement b, let ψ : A → A/I. Then the inverse of an R-algebra of A/I is an R-algebra of A containing I. For statement c, notice that by b A/IA is a futile R-algebra. Notice that an R-subalgebra in this case is the same as an R/I subalgebra. ii. Obvious.
iii. This easily follows from
Lemma 2.4. Let n ∈ Z ≥1 . Let G be a group and for
The following lemma is very useful.
Lemma 2.5. Assume that A is R-futile. Then there exists n ∈ Z ≥0 and
, and as A is a futile R-algebra only finitely many of the R-algebras R[a] are needed. Use Lemma 2.4 to finish the proof. ⇐=: Let C be an R-subalgebra of A. Note that (C + I)/I is an R-subalgebra of A/I. As A/I is R-futile, it is enough to show that there are only finitely many R-subalgebras of A mapping to such a given (C + I)/I. Suppose that for another such algebra C ′ we have C +I = C ′ +I. As A/I is R-futile, it follows that (C +I)/I is finitely generated, say by c i + I (i = 1, . . . , n, c i ∈ C). There are
As I is finite, given the d i , this gives only finitely many options for C ′ . As I is finite, there are finitely many options for the d i . Hence the result follows. ii =⇒ iv: Suppose that for some m ∈ Spec(R) the ring k = R/m is finite of size n. Consider k n+1 , which is a finite ring and hence a futile R-algebra. We claim that it is not monogenic. Indeed, otherwise there if an
n+1 , but f cannot have enough different linear factors to make this possible.
Remark 2.7. In [1] Proposition 3.1 it has been shown that any commutative Ralgebra which is a futile R-algebra is monogenic if R contains an infinite set S of units such that u − v ∈ R * ∪ {0} for all u, v ∈ S. One easily sees that this condition implies that for all m ∈ Spec(R) quotient R/m is infinite. Hence this condition implies the condition in Theorem 1.3. The converse is not true. For example, one can consider the ring
where
One has R * = {1} in this case, but for any m ∈ Spec(R) the quotient R/m is infinite. 
and that this is of finite index in A. Now apply Lemma 2.8.
Proof Theorem 1.2. Note that [A,
A] is finite by Lemma 2.9. Apply Lemma 2.6.
Lemma 2.10. Then the following statements are equivalent:
i. for every ring morphism
. Hence we are given that
. This gives us infinitely many R[x]-subalgebras, which contradicts the futility.
ii =⇒ i:
Commutative case
In this section we summarize the theory of commutative futile R-algebras as developed in [4] . We have adapted some of the statements in order to make them easier to read. In [4] , and some other articles, one says shat a commutative Ralgebra A with A ⊇ R satisfies FIP if it is R-futile.
In this section we let S be a commutative futile R-algebra with R ⊆ S. The latter is not really a restriction, because we can replace R by its image in S.
We putR for the integral closure of R in S.
Theorem 3.1. The algebra S is R-futile if and only ifR is R-futile and S is R-futile.
Proof. See [4] , Theorem 3.13.
Hence our problem reduces to two cases: the case where R ⊆ S is integral and the case where R =R. For an R-module M we put MSupp(M ) = {m ∈ MaxSpec(R) : M m = 0}. For an inclusion of rings A ⊆ A ′ we put (A : A ′ ) = {x ∈ A ′ : xA ′ ⊆ A}, which is the largest common ideal of both A and A ′ .
Theorem 3.2. Suppose that R =R S. Then S is R-futile if and only if the following properties hold:
i. MSupp R (S/R) is a finite set; ii. for every m ∈ MSupp R (S/R), the ideal p = (R :
Proof. Theorem 6.16 and the references in its proof from [4] state the following. The algebra S is R-futile iff MSupp R (S/R) is a finite set and for every
We show that our statement is equivalent to this theorem. First assume our statement (i and ii). Given m ∈ MSupp R (S/R), consider p = (R : S) m . We just need to show that p = S m p. But (R : S) m = (R m : S m ) and hence p = S m p.
Conversely, given m ∈ MSupp R (S/R), suppose that p ∈ Spec(R m ) satisfies the assumptions as in Theorem 6.16 from [4] . As p = S m p, p is an ideal in S and we
follows that p is a maximal ideal of S. As (R : S) m R m by assumption, the result follows.
This settles the first case. For the integral part, we will reduce to the case where R is local artinian. We first need two lemmas. Proof. We will prove the first statement. It follows that M is finitely generated and we have an embedding R/Ann R (M ) → M n for some n. Hence R/Ann R (M ) has finite length and the result follows from [5] Theorem 2.14.
For the converse, we have a surjective map (R/Ann R (M )) n → M for some n ∈ Z ≥0 where the domain is of finite length.
Theorem 3.5. Let R S be integral. Then S is R-futile if and only if R/(S : R) is artinian and S/(S : R) is R/(S : R)-futile.
Proof. See Theorem 4.2 from [4] . We will give a similar proof.
=⇒ : The last part follows from Lemma 2.3ic. By Lemma 3.4 it is enough to show length R (S/R) < ∞. Using Lemma 3.3 we may assume that there are no subrings strictly between R and S. Furthermore, we may assume that (S : R) = 0. Let m be a maximal ideal such that A m → B m is not an isomorphism ([2] Proposition 3.9). Note that there are still no non-trivial subrings between R m and S m (Lemma 2.3iii). Suppose that mS ⊆ R, then S m = R m + mS m . Hence by Nakayama's Lemma ([2] Proposition 2.6) we conclude R m = S m , a contradiction. Hence m ⊆ (S : R) = 0 and R is a field. Since S is finitely generated and integral over a field R, length R (S/R) < ∞ as required.
⇐=: See Lemma 2.3ii.
This reduces the problem to the case where R is artinian. As an artinian ring is a product of local artinian rings, and the futility property behaves well with respect to products on the base (Theorem 2.1), we may assume that (R, m) is local artinian. There are again two cases: the residue field is finite or infinite. We first treat the case where the residue field is finite. Proof. See Theorem 4.1, since R is of finite size.
We consider the case where R is local artinian with infinite residue field. From Theorem 3.5 we see that we may assume that (R : S) = 0. The following is a more polished version of Theorem 5.18 from [4] . 
Proof. This follows Theorem 5.18 from [4] keeping in mind that a futile R-algebra coming from an integral extension is finite as R-module, and under this assumption, FCP follows directly. Also use Lemma 4.9 and notice that the length condition is automatically satisfied. Proof. We can reduce to the case where R is local by using Theorem 2.1 and Theorem 8.7 from [2] . Let a ∈ A and consider the subalgebras R[a i ] for i ∈ Z ≥2 . As A is a futile R-algebra, there are m and n coprime such that R[a m ] = R[a n ]. Hence we see that a m = s i=1 r i a in . This shows that there is a polynomial f ∈ R[x] with some unit coefficient which satisfies f (a) = 0. Write f = g − h where the coefficients of g are units and the coefficients of h are nilpotent. Take a t ∈ Z ≥0 such that h t = 0. Then, as g(a) = h(a) we have g(a) t = h(a) t = 0. The highest coefficient of g is still a unit, and hence it follows that R[a] is a finite R-module. From the futility it follows that R is a finite union of R-modules of finite length, and hence that A is a finite R-module.
The last statement follows directly. 
One can easily show that a normal extension is separably disjoint by using Galois theory (Proposition 6.11 from [7] ).
Notice that a field extension L/K has a unique maximal separably disjoint subextension, namely L s L i . 
is injective. The image consists of pairs (E 1 , E 2 ) with E 1 ⊆ E 2 and E 2 separably disjoint over E 1 .
Proof.
For (E 1 , E 2 ) in the image, one easily obtains that E 2 /E 1 is separably disjoint. Indeed, E/E ∩L K,sep is purely inseparable, L K,sep /E ∩L K,sep is separable and their compositum is EL K,sep . On the other hand, consider a pair (E 1 , E 2 ) with E 1 ⊆ E 2 and E 2 /E 1 separably disjoint. Set N = {x ∈ E 2 : ∃j :
Then obviously L p j K is separable over K and it is the separable closure of L in K. 
Infinite fields.
We will now study futile R-algebras where R is an infinite field. Most results of this section were known before (see for example [3] ), but the proofs are different.
Lemma 4.4. Let R be an infinite field and let
Proof. ii. By Lemma 2.3ib we may assume that r = 2. Consider the following map:
Notice that this map is injective and that, as n ≥ 2, the set P n−1 (R) is infinite. i. =⇒ : This follows from and Lemma 2.3ib and ii, where we take f 2 instead of f .
⇐=: We show that the statement is true if r = 3, the rest follows from Lemma 2.3ib. After a translation we may assume that f = x and that A = R[x]/(x 3 ). We claim that the only R-subalgebras are R, A and the ring generated by R and x 2 . Indeed, consider the ring generated by g = a 0 + a 1 x + a 2 x 2 over R. We may assume that a 0 = 0. If a 1 = 0, we may assume that a 1 = 1 and we have x 2 = g − a 2 g 2 . Hence the ring generated by g is just A. If a 1 = 0 and a 2 = 0, then the ring is generated by x 2 . The statement follows. Furthermore, the last statement also follows easily.
iii. This follows from Theorem 1.4.
The following lemma allows us to work with products of algebras.
Lemma 4.5 (Goursat). Let A, B be R-algebras. Then there is a bijection between the quintuples (C, D, I, J, ϕ) with the following properties • C is an R-subalgebra of A;
• D is an R-subalgebra of B;
• I ⊆ C is a two-sided ideal;
Proof. The proof is essentially the same as the proof of Goursat's Lemma for groups. Lemma 4.6. Let A, B be futile R-algebras. Suppose that for any quotient C of an R-subalgebra of A we have that #Aut R (C) < ∞ and that subalgebras of A respectively B have only finitely many ideals. Then A × B is a futile R-algebra.
Proof. This follows from Lemma 4.5. i. any R-subalgebra of F is a finite product of fields which are finite over R;
ii. F has only finitely many ideals and a quotient by such an ideal is isomorphic to a product of fields which are finite over R; iii. #Aut R (F ) < ∞.
Proof. i. Let A be a subalgebra. Then A is artinian and hence isomorphic to a product of local artinian rings. Notice that a local reduced artinian ring is a field.
ii. This follows easily because we know the ideals of F .
iii. This follows easily by looking at stalks and the fact that #Aut R (F i ) < ∞.
Proof of Theorem 1.5. i =⇒ iii: Suppose that A is a futile R-algebra. By Theorem 1.3 we know that A = R[a] for some a ∈ A. Note that R[x] is a principal ideal domain, so there is a non-zero polynomial f such that
where all the f i are monic, pairwise coprime. Use Lemma 2.3ib and Lemma 4.4 (i and ii) to see that the n i satisfy the requirements.
iii =⇒ i: Assume without loss of generality that this special i is m and consider
We can now use Lemma 4.4iii, Lemma 4.6 and Lemma 4.7 inductively to see that F is a futile R-algebra. − a) ) and this gives us infinitely many different polynomials. Hence we can apply the Chinese remainder theorem to see that iii holds.
Artinian rings.
We will now consider the case where R is an artinian ring. By Theorem 2.1 we reduce directly to the case where R is local. i. M is uniserial; ii. M is uniserial of finite length;
Proof. i =⇒ iii: Otherwise we have submodules between m n+1 M and m n M without inclusions.
iii =⇒ iv: Obvious. iii =⇒ ii: Assume that M = 0. The case n = 0 together with Lemma 4.8 show that M ∼ =R R/I for some R-ideal I. The second condition, by Lemma 4.8, shows that R/I is a principal ideal ring. Since an artinian ring has finite length, M has finite length. One can easily prove that a zero dimensional principal ideal ring has only finitely many ideals, which are ordered linearly by inclusion, and hence that M is uniserial.
ii =⇒ i: Trivial. 
Furthermore, we have
A q .
Proof. The first statement follows from the fact that A q is artinian (or zero), and hence a product of the localization at its prime ideals. The second statement follows from B = q∈Spec(B) B q and A = A ⊗ B B.
Lemma 4.12. Let R be an artinian ring and let A be a commutative R-algebra, finitely generated as R-module. Then we have the following bijection:
Proof. First note that any subalgebra of A is artinian. That the map makes sense, follows from Lemma 4.11 and exactness of localization. We will construct an inverse ψ of the map above. It maps (∼, (
. As B is artinian, one easily sees ψ • ϕ(B) = B (Lemma 4.11). It also follows easily that the other composition is the identity.
We have the following reduction theorem.
Proposition 4.13. Let (R, m) be a local artinian ring such that k = R/m is infinite and let A be an R-algebra. Then the following properties are equivalent. i. A is a futile R-algebra; ii. A is commutative, A/mA is a futile k-algebra, m(A/R) is a uniserial Rmodule and R + √ 0 A ⊆ A is a futile R-algebra.
Proof. i =⇒ ii: We need to show that the four properties hold. Number one follows from Theorem 1.3. Number two and four follow from Lemma 2.3ia,ib. We will show that m(A/R) is a uniserial R-module by showing that iii from Lemma 4.9 is satisfied. Let n ∈ Z ≥1 . Note that the R-submodules of m n (A/R)/m n+1 (A/R) correspond bijectively to R-submodules of (m
, then there are infinitely many such L since k is infinite, which gives a contradiction with the assumption that A is R-futile.
ii =⇒ i: Let B be an R-subalgebra of A. From Theorem 1.5 we deduce that the futile k-algebra A/mA is finite as k-module. From Nakayama's lemma (Lemma 4.8) it follows that A is a finite R-module. It follows that B is artinian as well.
Step i: We show that there are only finitely many local R-subalgebras of A. Let (B, n) be such a local R-subalgebra. Suppose that B ⊃ mA. Then we have B/mA ⊆ A/mA and there are only finitely many such B by the assumption that A/mA is a futile k-algebra. Assume that B ⊃ mA. Notice first that the map mA/m → (mA + R)/R = m(A/R) is an isomorphism (since mA ∩ R = m, look at nilpotents). Note that from m = mA and Lemma 4.8 one obtains mA m 2 A + m. Hence by the uniseriality we have a chain mA m 2 A+m ⊇ B∩mA ⊇ m (see Remark 4.10). From this we see that m 2 A+m = m 2 A+(B ∩ mA) and the latter is obviously a B-module. Also mA is a B-module and it follows that mA/(m 2 A + m) ∼ =R k is a simple R-module and hence a simple B-module. Hence B/n ∼ = k and it follows that B ⊆ R + √ 0 A . By assumption we have only finitely many such R-algebras and this finishes the first step.
Step ii: From Lemma 4.12 it is enough, as Spec(A) is finite, to show that there are only finitely many local subalgebras of A ′ = p∈S A p for S ⊆ Spec(A). We show that R → A ′ still satisfies the conditions of ii, and then we are done by
Note that in the previous statement R + √ 0 A is a local commutative R-algebra. The next proposition handles this case. Suppose that Im(ϕ B ) = k, A/mA. Then we know from Theorem 1.5 that
, that r A = 2, and that Im(
A ′ , the latter being an local R-algebra with maximal ideal m A ′ = n 2 + mA. By construction we have
, which is of dimension 2 over k. By the uniseriality assumption we The condition n 4 + n 2 m + m = mA looks artificial, but one can give examples which show that all terms are needed.
Proof of Theorem 1.6. Combine Proposition 4.13 and Proposition 4.14 and use that a submodule of a uniserial module is uniserial.
Principal ideal domains with finite quotients
For certain rings R one can find a nice description of the futile R-algebras. In this section we will handle the case where R is a principal ideal domain with finite quotients. One can generalize this theory to for example discrete valuation rings, but since we have the general theory, there is no need for this.
Lemma 5.1. A commutative ring R that is a domain but not a field has infinitely many ideals.
Proof. This follows from the fact that artinian domains are fields. Notice that the converse of the above lemma is false: the ring Q for example has infinitely many Z-subalgebras. We have the following lemma. • A is finite;
• A R-tor is finite and A/A R-tor ∼ = R[1/r] ⊆ Q(R) for some r ∈ R \ {0}.
Proof. =⇒ : Let I = Ker(R → A). If I = 0, then A is a futile R/I-algebra where R/I is finite. By Theorem 4.1 we conclude that A is finite. Suppose that I = 0. We will first show that A R-tor is finite. Indeed, for all r ∈ R we have an ideal A[r] = {a ∈ A : ra = 0}. As For such an r consider B r /rB r = R/rR ⊕ A R-tor . This ring is a futile R/rR-algebra
